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Throughout and generally: the lowest order, most important, terms are
near the end of each expression.

The specified dynamical system

i1 = 2( — aluy + alug) — a2uy + up — us

Uy = e2a3uy — eblujus — adug + f2ur +up — us
Us = —e2abug + eb2uqusg

iL4 = —€2a7U4 + €Q6U2U3

Invariant subspace basis vectors

&1 = {{1,—Bi+1,0,0},exp (Bit)}

& = {{1,Bi 4 1,0,0} ,exp ( — Bit)}

és ={{0,0,1,0},exp (0)}

ey = {{—a2 + a4, —a2B? — a2 + a4,0, 8%} ,exp (0)}
Z1={{1/(B*+2),(—Bi+1)/(8*+2),0,0},exp (Bit)}
Z ={{1/(B*+2),(Bi +1)/(B* +2),0,0} ,exp ( — Bit)}
73 = {{0,0,1,0} ,exp (0)}



Zy = {{0,0,0,372} ,exp (0)}

off echo;

The invariant manifold These give the location of the invariant
manifold in terms of parameters s;.

uyp = exp ( — Bit)s3s2e(1/2a2a63% + 1/2a2a63* + 5/2a2a633i +
5/2a2a65% + 4a2a63i + 2a2a63~ i + 2a2a63~2 + 4a2a6 — 1/2a4a63* —
5/2a4a63% — 2a4a6572 — 4a4a6 + 1/2b18% +1/2b133i + 2b132 + 2b13i +
2015710 4+ 201) /(8% 4 68* + 1232 + 8) + exp ( — Bit)sa +

exp (Bit)s3s1e( — 1/2a2a63% + 1/2a2a63* — 5/2a2a63%i + 5/2a2a63> —
4a2a65i — 2a2a68~ i + 2a2a6372 + 4a2a6 — 1/2a4a65* — 5/2a4a65% —
20446872 — 4adab + 1/2b184 — 1/2b13%i + 2b18% — 2b13i — 20157 i +
201) /(8% + 68* + 1232 + 8) + exp (Bit)s1 + s4s3¢(a22a6872 + a2%ab —
a2a4a6B7% — a201372 + a4b1372) + s4( — a2 + a4) + O(?)

ug = exp ( — Bit)s3see( — a2a6B871i — 1/2a2a6372 + 1/2a2a6 +
1/2a4a68~ Y + 1/2a4a6572 — 1/2b187 1) /(8% + 2) + exp ( — Bit)s2(Bi +
1) 4 exp (Bit)s3s1e(a2a68 1 — 1/2a2a6572 + 1/2a2a6 — 1/2a4a63 i +
1/2a4a6872 + 1/2b18710) /(82 + 2) + exp (Bit)s1(— Bi + 1) +
54536(a2a4a6372 + a2a4ab — a2b1572 — a4?a6372 + adb1372) + s4( —
a2$% — a2 + ad) + O(g?)

u3 = exp (— Bit)s4s0e( — a2b2Bi—2a2b237Li+a2b2 +2a4b2371i — adb2) +
exp (—28it)s3e(1/2b2371i—1/2b2) +exp (Bit)s4s12(a2b2Bi+2a2b23~ i+
a2b2—2a4b2371i—adb2) +exp (2Bit)s3e(—1/2b2371i—1/2b2) +s3+0(£?)

Uy =
exp (—Bit)s3s2e(abBLi—ab)+exp (Bit)sgs1e(—abBLi—ab)+s432+0(£?)

Invariant manifold ODEs The system evolves on the invariant
manifold such that the parameters evolve according to these ODEs.

51 = 53512(1/2a23a6b2% — 1/4a23a6b237i + 4a23a6b235 —
5/2a23a6b25% + 13a23a6b23* — 35/4a23a6b23%i + 43 /2a23a6b23? —
27/2a23a6b23i — 9a23a6b23~Li + 6a23a6b2372 — 2a23a6b23 3 +



18a23a6b2 + 1/4a2%a4a6b287i — 3 /4a22a4a6b23% + 3a2%a4a6b23%i —
25/4a22a4a6b28* + 51 /4a2?a4a6b233%i — 19a22a4ab6b25? +

49 /2a22a4a6b23i + 21a22a4a6b28~ ' — 12a2%a4a6b2372 +
6a22a4a6b2B 31 — 25a22a4a6b2 — 3/4a22b1623° + 22616235 —
19/4a22b1028* + 11/2a22b1623%i — 23/2a22b1623% + 10a22b1b23i +
6a22b162371i — 64220102372 — 13a22b1b2 — 1/4a2a4%a6b235 —
1/2a2a4%a6b25% — a2a4?a6b25* — 17/4a2a4%a6b2%i + 1/2a2a4?a6b23% —
25/2a2a4%a6b23i—15a2a4%a6b28~ ti+6a2a42a6b2B~2 —6a2a4%ab6b283i+
6a2a4?a6b2 + 3/4a2a4b1b23° — 3/2a2a4b1b23% + 6a2a4b1b23* —
9a2a4b1b253i + 18a2a4b1b25% — 18a2a4b1b25i — 12a2a4b1b25~1i +
12a2a4b16232 + 24a2a4b1b2 + 1/4a43a6b23* + 1/4a43a6b23%i +
a43a6b23% + 3/2a43a6b23i + 3a43a6b23~Li + 2a43a6b23 31 + a43a6b2 +
1/2a42b1623% — 5/4a4?b1623* + 7/2a4%b10233i — 13/2a4?b1b2% +
8a42b1b2/3i + 6a4%b1b23~ i — 6a4%b1b232 — 11a4?b1b2) /(% + 68* +
1263% + 8) + s3s12%(3/8a22a6% Bt + 3/4a2%a62 5731 + 3/8a2%a6% B —
1/2a2a4a6B72 — 3 /4a2a4a6%373i — 1/2a2a4a6B~* — 3 /4a2a4a6% 3757 +
1/2a2a6b18~* — 1/8a42a62B~3%i + 1/2a4%a6?5~* + 3/8a4%a62375i +
1/4a4a6b1373i — 1/2a4a6b15~4 — 1/8b123731) + s3s1(1/2a2a6372 +
1/2a2a6+1/2a4a68~ti—1/2a4a6872—1/2b1371i)+s9572(1/4a2a6b285+
5/4a2a6b25% + 7/4a2a6b23* + 31/4a2a6b25% + 11/2a2a6b28% +
37/2a2a6b23i +21a2a6b23~ i + 6a2a6b23~2 + 10a2a6b23~3i + 9a2a6b2 +
1/4a4a6b23% —1/2a4a6b28*+1/4a4a6b23%i —4adab6b23% —9/2a4a6b23i —
13a4a6b2371i — 8a4a6b23~2 — 10a4a6b233i — 10a4a6b2 + 1/4b1623% —
3/4b1b23% +5/2b1b23%1 — 5/2b1b232 + Tb1b23i + 661623~ i + 2616232 —
b162) /(B +68* +1282 +8) +s12(—1/2a1Bi—1/2a1+1/2a387 i)+ O(£3)

59 = 5%5962(1/2a23a6b23% + 1/4a23a6b27i + 4a23a6b235 +
5/2a23a6b25% + 13a23a6b28* + 35/4a23a6b283i + 43 /2a23a6b232 +
27/2a23a6b23i + 9a23a6b25 1 + 6a23a6b2872 + 2a23a6b23 3 +
18a23a6b2 — 1/4a2%a4a6b287i — 3/4a22a4a6b23% — 3a2%a4a6b23%i —
25/4a22a4a6b28* — 51/4a2?a4a6b23%i — 19a2%a4a6b23% —
49/2a22a4a6b2Bi — 21a2?a4ab6b28 i — 12a22a4a6b2572 —
6a22a4a6b2B3i — 25a22a4a6b2 — 3/4a22b1623° — 22616235 —
19/4a22b1028* — 11/2a22b1b23%i — 23/2a2%b1b23% — 10a2%b1b23i —
6a22b162371i — 64220162372 — 13a22b1b2 — 1/4a2a4%a6b23° +
1/2a2a42a6b23% — a2a4%a6b23* + 17/4a2a4%a6b23%i + 1 /2a2a42a6b23% +
25/2a2a4%a6b2Pi+15a2a4%a6b28~ Li+6a2a42a6b2B 2 +6a2a4%ab6b283i+
6a2a4?a6b2 + 3/4a2a4b1b23° + 3/2a2a4b1b25% + 6a2a4b1b23* +
9a2a4b1b233i + 18a2a4b1b23? + 18a2a4b1b23i + 12a2a4b1b23~ 1 +



12a2a4b1b2372 + 24a2a4b1b2 + 1/4a43a6b23* — 1/4a43a6b23i +
a43a6b2% — 3/2a43a6b23i — 3a43a6b2B i — 2a43a6b283i + a43a6b2 —
1/2a4%b1623% — 5/4a4?b1623* — 7/2a4%b102533%i — 13/2a4?b1b25% —
8a4%b1b25i — 6a42b1b23 i — 6a4?b1b2372 — 11a4b1b2) /(5% + 648* +
1282 +8) + s35062( — 3/8a2%a62 5~ Vi — 3/4a2%a6? i — 3/8a2%a6? 3% —
1/2a2a4a6%37% 4 3/4a2a4a6%373i — 1/2a2a4a6% 5~ + 3 /4a2a4a6? i +
1/2a2a6b13~% + 1/8a4%a62B~3i + 1/2a4%a6?5~* — 3/8a4%a6?B~i —
1/4a4a6b1873i — 1/2a4a6b15~% + 1/8b12373i) + s389e(1/2a2a68~2 +
1/2a2a6—1/2a4a63~ti—1/2a4a6872+1/2b1371i)+s3s1£2(1/4a2a6b235—
5/4a2a6b23% + 7/4a2a6b23* — 31/4a2a6b23%i + 11/2a2a6b23? —
37/2a2a6b23i — 21a2a6b23~ i + 6a2a6b23~2 — 10a2a6b23~3i + 9a2a6b2 —
1/4a4a6b23%i—1/2a4a6b28* —1/4a4a6b23% —4a4ab6b23%+9/2a4a6b23i -+
13a4a6b2371i — 8a4a6b23~2 + 10a4a6b233i — 10a4a6b2 — 1/4b1623% —
3/4b1b23% — 5/2b1b23%1 — 5/2b1b23% — 7Tb1b23i — 661623~ 1 4 2616232 —
b162) /(% +68% + 1252 +8) + s2e2(1/2a1Bi — 1/2al — 1/2a3371i) + O(e3)

53 = s3s3e2( — a23abb2B? — a23a6b2372 — 2a23a6b2 + a22adabb23~2 +
a2?a4a6b2 + 2a22b162872 + a22b1b2 + a2a4%a6b2572 + a2a4?a6b2 —
4a2a4b1b2872 — a2a4b1b2 — a43a6b2372 + 2a42b1b2372) + s3e(a2?b2% +
a22b2 — a2a4b23% — 2a2a4b2 + a4?b2) + s3s2512(a2a6b2% + 3a2a6b2 —
a4abb2 + 2b1b2) /(8% + 2) — s3e2ab + 25951b2 + O(?)

$4 = 545352(a2a4a62ﬂ_2 + a2a4a6?57* — a2a6b157* — ad?a6284 +

a4a6b1B~4) + sys3e( — a2a637% — a2ab + adabB2) 4 s4s0512( —
2a2a6b232 — 2a2a6b2 + 2a4a6b2372) — s1e2a7 + O(e3)



